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ABSTRACT  
We numerically investigate the effect of phase-amplitude coupling modulation on power spectra in semiconductor lasers 
subject to optical injection in a face to face configuration, when a non-negligible injection delay time is taken into 
account. We find that as phase-amplitude coupling factor α varies, the system goes through a sequence of phase 
transactions between In-phase locking states to anti-phase locking states via phase-flip bifurcation. Moreover, we 
observed the signature of frequency discretization (Frequency Island) and uncovered the physical mechanism for the 
existence of multi-stability near the phase transitions regimes.  Within the windows between successive anti-phases to 
in-phase locking regions, optical injection induced modulation in alpha, unveiling a remarkable universal feature in the 
various dynamics of coupled lasers system which could be useful in controlling the chirp or pulse repetition rate of a 
photonic integrated compact device with the aid of phase control.  
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1. INTRODUCTION  
Mutually delay-coupled semiconductor lasers (Coherent or Incoherent coupling) have attracted much attenuation in 
recent years not only of interest from a fundamental point of view but they also play an important role in modern 
technological applications [1, 2, 3]. Moreover, the excellent controllability of semiconductor lasers in the laboratory 
make them fascinating test-bed for the experimental investigation of general nonlinear phenomena in the theory of 
mutually coupled oscillators system [2]. By mutually coherent coupling, we mean the coupled cavity modes (CCM) are 
phase locked with zero phase difference or fixed relative phase constants between different modes. By mutually 
incoherent, we mean precisely the opposite: the phase differences between different modes are out-of-phase or anti-
phase [2]. Each CCM has a different frequency, but when all are mutually coherent a periodic pulse train is generated, 
and conversely, when they are not mutually coherent, complex nonlinear dynamics are generated.  In a coupled laser 
system, an amplitude fluctuation in one laser leads to a carrier density fluctuation, and through α, a phase fluctuation in 
the same laser. A significant change in the relative phase leads to an amplitude change in the second laser and an 
accompanying change in its carrier density [3, 4]. So, our study clearly indicates the loss of coherence in some groups of 
modes while other modes remain coherent as the coupling constant (optical injection strength) is varied. We perform 
detailed numerical computations using a system of delay coupled lasers and confirm that the coexistence of the coherent 
and incoherent modes may have a fundamental origin resulting from nonlinear strong coupling between the amplitude 
and the phase of the optical field. 
 
Nonlinear dynamic coupling between phase and amplitude of the optical electric field is caused by carrier-induced 
variations in real and imaginary parts of refractive index in the laser cavity [1, 2].  Manipulation of phase-amplitude 
coupling factor (as represented by α) is a major determinant of fundamental aspects of semiconductor lasers, including 
linewidth, chirp under current modulation, mode stability, and dynamics in presence of optical feedback and injection [5, 
6, 7]. In the steady state, α is constant, but varies in highly dynamical regimes or pulse operation where the variation in 
carrier density is quite large, α has been recently shown to vary with optical feedback and optical injection [5, 7]. 
  
 
 
Nevertheless, so far understanding of the impact of optical injection induced modulation in α remains poor. Here, we 
describe for the first time manipulating α of a semiconductor laser with optical injection in the short cavity leading to 
frequency discretization and tuning by changing the injection, is demonstrated numerically for the first time. 
 
2. THEORETICAL MODEL AND RESULTS 
We investigate two mutually delay-coupled lasers (Fig. 1) using dimensionless semi-classical rate equations [1, 2] for 
the time evolution of the complex electric field Ej(t) and the excess carrier density above threshold  Nj(t)  averaged 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. . Schematic diagram of a coupled diode laser system: a combination of the polarizing beam-splitter (PBS) and the polarizer 
(POL) allows a variation of the optical coupling strength η; the photodetectors, PD1 and PD2, measure the output powers P1 and P2 
of the respective lasers: 
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spatially over the laser medium,  the injected excess current densities Js above threshold and 
2
jj EP  . The above 
equations can be written in terms of field amplitudes using 
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j
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  T is the ratio of the carrier lifetime 
to the photon lifetime, the delay time τ= L/c is the time taken by the light to cover the distance L between the lasers, and 
α is the linewidth enhancement factor [6, 7].  The linewidth enhancement factor is the ratio of the change in real 
component of the complex refractive index with a change in carrier density, to the change in imaginary component of the 
refractive index with a change in carrier density as 
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2
, are caused by refractive index changes ∆n where λ is the wavelength of the light. 
We start by analyzing the modulation properties of the coupled laser system from the rate equations 1 to 3 and using 
equation 4. The behavior of the correlation functions versus α shown in figure 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure. 2. Plot of the cross-correlation C(t) versus  α  for a fixed time delay τ = 14 (in units of cavity photon lifetime). 
 
In accordance with the α-factor definition using Hakki-Paoli method [11, 12], we can recast the definition of amplitude-
phase coupling factor through the following relationship: by tuning the optical injection strength η, by varying the 
frequency detuning, ∆ν and by varying the injection current, I [8, 9, 10]. 
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We find that in the region where stability of phase-locking switches occur, there exist phase transitions, i.e., phase-
locked dynamics can be switched from in-phase locking (antiphase) to antiphase locking (in-phase) and back to in-phase 
(ant-phase) and so on just by progressive increase of the α for keeping all the control parameter are fixed as shown in 
figure 2. Specifically shown in figure 3., just by a progressive increase of η, quantization in RF frequencies of phase-
locked dynamics changes from being in-phase to anti-phase and back to in-phase and so on for the coupling strength and 
delay time while RF frequency of the locked dynamics changes from being anti-phase to in-phase and back to antiphase 
and so on for the another combination of control parameters, coupling strength η and τ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure. 3. Plot of frequency discontinuity vs η  for  the fixed value of  τ=14 (in units of cavity photon lifetime). 
In the equation 8 where net modal gain gnet  and Λ p is the optical confinement factor.  X is the ratio of the peak-to-valley 
intensity levels. The refractive index increases (decreases) with the carrier decreases (increases). Consequently, the 
emission frequency becomes proportional to the carrier number. The relative change in the carrier-dependent resonance 
around the laser threshold can then be expressed by the following relation [9, 13] 
 
∆𝜔(𝑁) =
𝛼
2
𝑔∆𝑁, 𝑤ℎ𝑒𝑟𝑒 ∆𝑁 ≡ 𝑁 − 𝑁𝑡ℎ                   (9) 
 
 
Accordingly, the injection-locked laser may operate at a frequency different from its cavity resonance condition, namely 
operating at resonance frequency and given by the following expressions [9, 13]: 
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We have modified the RO (Relaxation Oscillations rate) and find an expression for the effective damping β in equation 
(12) near the phase transitions regimes [9]. Note that this damped oscillation differs from the relaxation oscillation in the 
physical mechanism, because the relaxation oscillation results from an interaction or coupling between field amplitude 
(or photon) and carrier through the stimulated emission and, therefore, the cavity resonance is not required to explain 
such a mechanism ( Eq. 10 to Eq. 12). The coupling strength ɳ are tuned such that the proportionate injection field to 
each laser is the same [5].  We have observed the multistability in the gap between two consecutive frequency islands 
after solving the equations (1) and (2) as shown in Figure. 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure4. Plot of  frequency discontinuity vs α  for  different value of  τ=14. in (a)and τ=50 in (c, ) ; dependence of   frequency discontinuity and 
multistabilty between two consecutive frequency island on ɳ for  different value of τ in (b) and (d.) 
 
a) b) 
c) d) 
  
 
 
We have systematically studied the various dynamical attractors (shown in figure 5) and the power spectral properties of 
the coupled laser system as a function of α and ɳ for different values of τ [3, 5].  In a mutually coupled laser system, 
amplitude fluctuation in one laser leads to carrier density fluctuation, and through α phase fluctuation in the same laser 
[3]. 
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Figure 5.  Phase space plots of laser output powers P1 and P2  versus N1 and N2  for a fixed time delay of  τ=14. in (a) anti-phase periodic state, (b) 
synchronized death state, (c)  multi attractors , (d) co-existence of multi-attractors (multistability) in the gap between two  consecutive frequency 
island in Fig.4. 
 
 
A change in the relative phase leads to an amplitude change in the second laser and an accompanying change in its 
carrier density [4] which in turn impacts the first. Therefore we explore the collective behaviour at different α and ɳ, via 
spectral analysis [8]. The spectral diagrams (shown in Figure.4.) are obtained by combining the intensity spectra at 
different values of ɳ and τ into a continuous intensity histogram. Instead of the continuous behavior of the frequencies 
(when τ=0) with changing α and ɳ, we observe a” discretization” effect when some preferred frequencies appear. As 
illustrated in Figure. 4, the allowed values of the frequencies and their jumps are closely related to τ and strange 
bifurcation [2] near the transitions regimes.  To show the influence of optical injection on α, Figure. 4 depict the 
variations of α at different ɳ for fix time delay τ.  Figure. 4(a) to 4(b) show the frequency variations and the multistability 
(Figure 5.) with in the ranges of frequency islands obtained numerically under different α vs ɳ for fixed τ. Similar 
frequency quantization trend is found under different ɳ with fixed τ and α. In Figure 6, we have observed frequency 
chaos as coupling strength induced modulation in alpha is very high.  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure. 6. Plot of  frequency discontinuity vs α  for  the  value of  τ=100. in (top figure) ; dependence of   frequency discontinuity and multistabilty 
between two consecutive frequency island on ɳ for  the same value of τ = 100 in (bottom figure). 
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From analytical and numerical analysis, we demonstrated that coherent self-sustained pulsations with different relative 
phase relationships between the electric field in the two lasers are possible (self-pulsating in-phase or out-of-phase super 
modes) for a wide range of parameters of the considered device ( as shown in figure 7). We have found two coherent 
regimes: stable CW in-phase and out-of-phase super-modes and in-phase and out-of-phase pulsating super-modes, where 
the intensity of the superposition of the two fields.. This could represent a promising result in view of the possibility of 
synchronizing a many-element array of pulsating lasers. 
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Figure 7. .   Plots of laser output powers P1 (black line) and P2 (red line) versus time (in units of cavity photon lifetime) for a fixed 
time delay τ=14 in the same time units (left column) the out-of-phase periodic state in the transition regime; (right column) phase 
space plot of (left). The initial transients of 105. 
 
 
We have also observed periodic out-of-phase oscillation near and within the phase-flip transition regimes are shown in 
figure 8 [see figure 6]. Numerical analysis is based on the observation that the time-shifted correlation measure unveils 
the signature of coexistence of multiple attractors and enhancement of stability within anti-phase amplitude-death islands 
are shown in figure 5. Moreover, Passive mode-locking [14, 15] in the delay-coupled lasers system is also achieved in a 
small window of parameters near the phase transitions regimes without insertion any loss element as presented in Figure. 
7. The pulses intensities are strongly modulated by a low-frequency envelope, so that they form pulse packages. This 
regime has been already identified in the dynamics of a laser with only optical feedback condition: it is called regular 
pulses packages (RPP) or Strange pulses [2]. 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. .   Plots of laser output powers P1 (black line) and P2 (red line) versus time (in units of cavity photon lifetime) for a fixed 
time delay τ=14 in the same time units (left column) the out-of-phase periodic state in the transition regime; (right column) phase 
space plot of (left). The initial transients of 105. 
 
Our finding distinguishes itself by its robustness against variations of system parameters, even in strongly coupled 
ensembles of oscillators. 
 
SUMMARY 
In summary, we have demonstrated the effect of manipulating the phase-amplitude coupling factor α in mutually 
coupled lasers system with finite delay. We predict the occurrence of frequency discretization regimes and multistability 
which could be useful in controlling the chirp or pulse repetition rate of a photonic integrated compact device with the 
aid of phase control. We suggest that the dynamics are manipulated and controlled by changes in phase-amplitude 
coupling, and thus strong carrier dependence of the index on carrier density. Our observations provide a simple and low 
cost way to effectively control the RF dynamics of the delay-coupled semiconductor lasers system and here its uses as an 
optical clock, LIDAR. Instabilities need to be identified and studied, with a view to their suppression and exploitation in 
telecommunication networks. 
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